Abstract. Let Γ be a countable Abelian group and f ∈ Z[Γ], where Z[Γ] denotes the integral group ring of Γ. Consider the Pontryagin dual X f of the cyclic Z[Γ]-module Z[Γ]/Z[Γ]f and suppose that f is weakly expansive (e.g., f is invertible in ℓ 1 (Γ), or, when Γ is not virtually Z or Z 2 , f is well-balanced) and that X f is connected. We prove that if τ : X f → X f is a Γ-equivariant continuous map, then τ is surjective if and only if the restriction of τ to each Γ-homoclinicity class is injective. We also show that this equivalence remains valid in the case when Γ =
that d(γx, γy) > ε 0 . Such a constant ε 0 is called an expansivity constant for (X, α, d). The fact that (X, α) is expansive or not does not depend on the choice of the metric d. For instance, the shift system (A Γ , σ) is expansive for every countable group Γ whenever the alphabet A is finite.
Let f ∈ Z[Γ] and suppose that the associated principal algebraic dynamical system (X f , α f ) is expansive. In Corollary 3.12 we show that f is weakly expansive, and from Theorem 1.2 we thus deduce the following: Corollary 1.3. Let Γ be a countable Abelian group and f ∈ Z [Γ] . Suppose that the principal algebraic dynamical system (X f , α f ) associated with f is expansive and that X f is connected. Then the dynamical system (X f , α f ) has the Moore-Myhill property.
This result was obtained by the first two named authors in [7] and, shortly after, as a particular case of a much more general Garden of Eden theorem for expansive actions (where Γ is amenable and no connectedness of the phase space is assumed) proved by the third author in [18] .
Recall that a polynomial f ∈ R[Γ] is said to be well-balanced (cf. [4, Definition 1.2]) if: (wb-1) γ∈Γ f γ = 0, (wb-2) f γ ≤ 0 for all γ ∈ Γ \ {1 Γ }, (wb-3) f γ = f γ −1 for all γ ∈ Γ (i.e., f is self-adjoint), (wb-4) and supp(f ) := {γ ∈ Γ : f γ = 0}, the support of f , generates Γ.
If f ∈ Z[Γ] is well-balanced, the associated dynamical system (X f , Γ) is called a harmonic model. For Γ = Z d and
, the corresponding harmonic model shares interesting measure theoretic and entropic properties with other different models in mathematical physics, probability theory, and dynamical systems such as the Abelian sandpile model, spanning trees, and the dimer models [32, 4] . Since a well-balanced polynomial f ∈ Z[Γ], with Γ infinite countable not virtually Z or Z 2 , is weakly expansive (cf. Proposition 3.14), from Theorem 1.2 we deduce: Corollary 1.4 (Garden of Eden theorem for harmonic models). Let Γ be an infinite countable Abelian group which is not virtually Z or Z 2 (e.g. Γ = Z d , with d ≥ 3). Suppose that f ∈ Z[Γ] is well-balanced and that X f is connected. Then the dynamical system (X f , α f ) has the Moore-Myhill property.
Let (X, α) be an algebraic dynamical system and 1 ≤ p ≤ ∞. In [10] (see also Subsection 3.1), the notion of p-homoclinic group (denoted ∆ p (X, α) ⊂ X) associated with (X, α), was introduced. We then say that a map τ : X → X is p-pre-injective if the restriction of τ to each coset of the p-homoclinic group ∆ p (X, α) is injective. Note that ∆ ∞ (X, α) = ∆(X, α) so that ∞-pre-injectivity is the same thing as pre-injectivity.
If Γ = Z d , then any polynomial f ∈ R[Γ] may be regarded, by duality, as a function on Γ = T d . We denote by Z(f ) := {(t 1 , t 2 , . . . , t d ) ∈ T d : f (t 1 , t 2 , . . . , t d ) = 0} its zeroset. Recall that an irreducible polynomial f is atoral [22, Definition 2.1] if there is some g ∈ Z[Γ] such that g ∈ Z[Γ]f and Z(f ) ⊂ Z(g).
We are now in position to state the following: Theorem 1.5 (A Garden of Eden theorem for irreducible atoral polynomials). Let f ∈ Z[Z d ] be an irreducible atoral polynomial such that Z(f ) is contained in the image of the intersection of [0, 1] d and a finite union of hyperplanes in R d under the natural quotient map R d → T d (e.g., when d ≥ 2 such that Z(f ) is finite). Let τ : X f → X f be a Γ-equivariant continuous map. Then the following conditions are equivalent: (a) τ is surjective, (b) τ is pre-injective, (c) τ is p-pre-injective for all 1 ≤ p ≤ ∞, (d) τ is 1-pre-injective. In particular, (X f , α f ) satisfies the Moore-Myhill property.
Our motivation for the present work originated from a sentence of Gromov [13, p. 195] suggesting that the Garden of Eden theorem could be extended to dynamical systems with a suitable hyperbolic flavor other than shifts and subshifts. A first step in that direction was made in [6] , where the two first named authors proved that all Anosov diffeomorphisms on tori generate Z-actions with the Moore-Myhill property, and another one in [5] , where sufficient conditions for expansive actions of countable amenable groups to have the Myhill property were presented. Finally, in [18] the third named author proved the very general Garden of Eden theorem for expansive actions of amenable groups we alluded to above.
The paper is organized as follows. Section 2 introduces notation and collects background material on Pontryagin duality and algebraic dynamical systems. In particular, in Subsection 2.6 we present a characterization of the homoclinic group. In Section 3 we consider several weak forms of expansivity: first we recall from [10] the notions of p-expansivity (1 ≤ p ≤ ∞) and p-homoclinicity for general algebraic actions. Then we introduce and study the notion of homoclinically expansive action: when the algebraic dynamical system is finitely generated, homoclinic expansivity is a stronger condition than p-expansivity for 1 ≤ p < ∞ (Proposition 3.5), and a characterization is derived (Theorem 3.6). Then, we study principal algebraic actions associated with weakly expansive polynomials with an emphasis on the corresponding homoclinic group. In Subsection 3.4 we then show that polynomials yielding principal algebraic expansive actions are weakly expansive and, in Subsection 3.5, we prove that well-balanced polynomials, with not virtually Z or Z 2 infinite countable group, are weakly expansive as well. In Section 4, we discuss topological rigidity of algebraic dynamical systems associated with weakly expansive polynomials. The proof of Theorem 1.2 is then given in Section 5. In the following section we discuss the notion of atorality for irreducible polynomials in
we present a few examples, and give the proof of Theorem 1.5. In the last section, we collect some final remarks. In particular, we exhibit some examples showing that Theorem 1.2 becomes false if weak expansivity of f ∈ Z[Γ] is replaced by the weaker hypothesis that the homoclinic group ∆(X f , α f ) is dense in X f , or that the dynamical system (X f , α f ) is mixing. We also introduce and discuss the notions of p-pre-injectivity, p-Moore, and p-Myhill properties for algebraic actions, and prove some variations on the Garden of Eden theorem in this framework.
Background material and preliminaries
2.1. Group actions. Let Γ be a countable group. We use multiplicative notation for the group operation in Γ and denote by 1 Γ its identity element.
An action of Γ on a set X is a map α : Γ × X → X such that α(1 Γ , x) = x and α(γ 1 , α(γ 2 , x)) = α(γ 1 γ 2 , x) for all γ 1 , γ 2 ∈ Γ and x ∈ X. In the sequel, to simplify, we shall write γx instead of α(γ, x), if there is no risk of confusion.
If α is an action of Γ on a set X, we denote by Fix(X, α) the set of points of X that are fixed by α, i.e., the set of points x ∈ X such that γx = x for all γ ∈ Γ.
If Γ acts on two sets X and Y , a map τ : X → Y is said to be Γ-equivariant if one has τ (γx) = γτ (x) for all γ ∈ Γ and x ∈ X.
2.2. Convolution. Let Γ be a countable group. We denote by ℓ ∞ (Γ) the vector space consisting of all formal series
with coefficients f γ ∈ R for all γ ∈ Γ and
We have the associativity rule
We denote by R[Γ] = {f ∈ ℓ ∞ (Γ) : f γ = 0 for all but finitely many γ ∈ Γ} and by Z[Γ] = {f ∈ R[Γ] : f γ ∈ Z for all γ ∈ Γ} the real and, respectively, the integral group ring of Γ. Observe that the convolution product extends the group operation on
Note also that, as a Z-module, Z[Γ] is free with base Γ.
Recall that C 0 (Γ) denotes the vector space consisting of all functions f : Γ → R vanishing at infinity: we express this condition by writing lim γ→∞ f (γ) = 0. We then have the inclusions
for all f ∈ ℓ ∞ (Γ) and γ ∈ Γ. Observe that every set in (2.3) is * -invariant and that
The normed space (ℓ 1 (Γ), · 1 ) is a unital Banach *-algebra for the convolution product and the involution. The unity element of ℓ 1 (Γ) is 1 Γ .
Proof. By linearity we can reduce to the case when f = γ and h = δ with γ, δ ∈ Γ. For η ∈ Γ we have
where = * follows from the associative rule in Γ.
Let now k, n ∈ N and denote by Mat n,
of all n-by-k matrices with coefficients in the group ring
Note that when k = n = 1 and A = f ∈ Z[Γ], then (2.7) reduces to (2.4). Also, we set
2.3. Pontryagin duality. Let us briefly review some basic facts and results regarding Pontryagin duality. For more details and complete proofs, the reader is refered to [28] . Let X be an LCA group, i.e., a locally compact, Hausdorff, Abelian topological group. A continuous group morphism from X into the circle T := R/Z is called a character of X. The set X of all characters of X, equipped with pointwise multiplication and the topology of uniform convergence on compact sets, is also an LCA group, called the character group or Pontryagin dual of X.
The natural map ·, · : X × X → T, given by χ, x = χ(x) for all x ∈ X and χ ∈ X is bilinear and non-degenerate. Moreover, the evaluation map ι : X → X, defined by ι(x)(χ) := χ, x , is a topological group isomorphism from X onto its bidual X. This canonical isomorphism is used to identify X with X. The space X is compact (resp. discrete, resp. metrizable, resp. σ-compact) if and only if X is discrete (resp. compact, resp. σ-compact, resp. metrizable). In particular, X is compact and metrizable if and only if X is discrete and countable. When X is compact, X is connected if and only if X is a torsion-free group (i.e., a group with no non-trivial elements of finite order).
If X is an LCA group and Y a closed subgroup of X, then X/Y is an LCA group whose Pontryagin dual is canonically isomorphic, as a topological group, to the closed subgroup
Let X, Y be LCA groups and ϕ : X → Y a continuous group morphism. The map ϕ : Y → X, defined by ϕ(χ) := χ • ϕ for all χ ∈ Y is a continuous group morphism, called the dual of ϕ. If we identify X and Y with their respective biduals, then ϕ = ϕ. If ϕ is surjective, then ϕ is injective. Conversely, if ϕ is injective, then ϕ has dense image (and it may happen that ϕ is not surjective; however, if ϕ is both injective and open, then ϕ is surjective). As a consequence, if X and Y are either both compact or both discrete, then ϕ is injective (resp. surjective) if and only if ϕ is surjective (resp. injective) [28, Proposition 30] .
Let X be an LCA group and suppose that there is a countable group Γ acting continuously on X by group automorphisms. By linearity, this action induces a left Z[Γ]-module structure on X. There is a dual action of Γ on X by continuous group automorphisms, defined by γχ(x) := χ(γ −1 x) for all γ ∈ Γ, x ∈ X, and χ ∈ X.
Therefore there is also a left Z[Γ]-module structure on X. Note that the canonical topological group isomorphism ι : X → X is Γ-equivariant and hence a left Z[Γ]-module isomorphism.
2.4. Algebraic dynamical systems. An algebraic dynamical system is a pair (X, α), where X is a compact metrizable Abelian topological group and α is an action of a countable group Γ on X by continuous group automorphisms.
As an example, if A is a compact metrizable Abelian topological group (e.g. A = T) and Γ a countable group, then the system (A Γ , σ), where A Γ = {x : Γ → A} is equipped with the product topology, and σ is the shift action, defined by
is an algebraic dynamical system. Let (X, α) be an algebraic dynamical system with acting group Γ. As X is compact and metrizable, its Pontryagin dual X is a discrete countable Abelian group. We have seen at the end of the previous subsection that there is a left Z[Γ]-module structure on X induced by the action of Γ on X. Conversely, if M is a countable left Z[Γ]-module and we equip M with its discrete topology, then its Pontryagin dual M is a compact metrizable Abelian group and there is, by duality, an action α M of Γ on M by continuous group automorphisms, so that ( M , α M ) is an algebraic dynamical system. In this way, algebraic dynamical systems with acting group Γ are in one-to-one correspondence with countable left Z[Γ]-modules.
2.5.
Finitely presented algebraic dynamical systems. Let Γ be a countable group. One says that an algebraic dynamical system (X, α) with acting group Γ is finitely generated provided its Pontryagin dual X, equipped with the dual action α of Γ, is a finitely generated left Z[Γ]-module.
Recall (cf. [16, Definition 4.25] ) that for a unital ring R, a left R-module M is said to be finitely presented provided there exist k ∈ N and some finitely generated left R-submodule
n A is a finitely generated left
To simplify notation, let us write X A instead of M A and α A instead of α M A . The algebraic dynamical system (X A , α A ) is called the finitely presented algebraic dynamical system associated with A.
For example, if k = n = 1 and
f is the principal left ideal of Z[Γ] generated by f , and the algebraic dynamical system (X f , α f ) is called the principal algebraic dynamical system associated with f .
One can regard (X A , α A ) as a group subshift of ((
and
we have
where = * follows by taking g :
In other words,
Consider the surjective map π :
With the above notation, the following conditions are equivalent:
Proof. This follows immediately from (2.8) and the equality π(gA
2.6. The homoclinic group. Let (X, α) be an algebraic dynamical system with acting group Γ. The set of points in X that are homoclinic to 0 X with respect to α is a Z[Γ]-submodule ∆(X, α) ⊂ X, which is called the homoclinic group of (X, α) (cf. [19] , [20] ).
Note that x ∈ ∆(X, α) if and only if lim γ→∞ γx = 0 X . We can choose a compatible metric d on X that is translation-invariant so that
for all x, y ∈ X and γ ∈ Γ. We deduce that x and y are homoclinic if and only if x − y ∈ ∆(X, α).
Lemma 2.3. Let Γ be a countable group, k ∈ N, and let x ∈ (T k ) Γ . The following conditions are equivalent.
Proof. Suppose (a). Then lim γ→∞ γ
Γ and let us show that there exists a finite subset Ω ⊂ Γ such that
By definition of the product topology, we can find a neighborhood
On the other hand, since lim γ→∞ x(γ) = 0 T k , we can find a finite subset Ω 2 ⊂ Γ such that
Take Ω :
2 ⊂ Γ and suppose that γ ∈ Γ \ Ω. Then for every ω 1 ∈ Ω 1 , we have that
by (2.11). This implies that γx ∈ W . Thus (2.10) is satisfied. This proves (b) =⇒ (a). The fact that (c) implies (b) is an immediate consequence of the continuity of the quotient map
Conversely, if we assume (b), then the unique g ∈ ℓ ∞ (Γ) k such that −1/2 ≤ g j γ < 1/2 and x j (γ) = g j γ mod 1 for all γ ∈ Γ and j = 1, 2, . . . , k, clearly satisfies (c).
2.7.
Connectedness of the phase space. A non-zero element f ∈ Z[Γ] is called primitive if there is no integer n ≥ 2 that divides all coefficients of f . Every nonzero element f ∈ Z[Γ] can be uniquely written in the form f = mf 0 with m a positive integer and f 0 primitive. The integer m is called the content of f . For principal algebraic dynamical systems with elementary amenable acting group we have the following criterion for connectedness of the phase space. Recall (cf. for instance [9] ) that the class of elementary amenable groups is the smallest class of groups containing all finite groups and all Abelian groups that is closed under the operations of taking subgroups, quotiens, extensions, and direct limits. 
This means that a = 0, which is a contradiction.
Weak forms of expansivity for algebraic actions
In this section we present and study weak forms of expansivity for algebraic actions. This applies in particular to the harmonic models introduced in [32] (see also [4] ).
3.1. p-expansive algebraic actions and p-homoclinic groups. In this section we review the notions of p-expansive algebraic actions and of p-homoclinic groups introduced by Chung and the third named author in [10, Sections 4 and 5] .
Let Γ be a countable group acting by automorphisms of a compact metrizable Abelian group X. Let also 1 ≤ p ≤ ∞.
For x ∈ X and χ ∈ X, define the function Ψ ′ x,χ on Γ by setting
for all γ ∈ Γ. One then says that the algebraic dynamical system (X, α) is p-expansive provided there exists a finite subset W ⊂ X and ε > 0 such that 0 X is the only point x ∈ X satisfying
The following collects the main properties of p-expansivity. (1) If α is p-expansive, then it is q-expansive for all 1 ≤ q ≤ p. 
n sending g to gA * is injective. Moreover, if in addition, Γ is amenable, then the following conditions are equivalent: (a) the topological entropy of (X A , α A ) is finite;
n sending g to gA * is injective.
We now recall the definitions of a p-homoclinic point and of the p-homoclinic group (cf. [10, Section 5]). Let Γ be a countable group acting by automorphisms of the compact metrizable Abelian group X and let 1 ≤ p < ∞. One says that a point x ∈ X is phomoclinic provided that Ψ ′ x,χ ∈ ℓ p (Γ) for all χ ∈ X. Let then ∆ p (X, α) denote the set of all p-homoclinic points of X. This is called the p-homoclinic group (cf. Theorem 3.2. (2)) of the algebraic dynamical system (X, α). Also one sets ∆ ∞ (X, α) := ∆(X, α). Note that for p = 1, the set ∆ 1 (X, α) was studied in [32] and [21] . Here below we collect some basic properties of the p-homoclinic groups. 
3.2. Homoclinically expansive actions. In this section we introduce and study a new form of weak expansivity for dynamical systems.
Definition 3.3. Let (X, α) be a dynamical system with acting group Γ. One says that the action is homoclinically expansive if there exists a constant ε 0 > 0 such that, for each pair of distinct homoclinic points x, y ∈ X, there exists an element γ ∈ Γ such that d(γx, γy) > ε 0 , where d is any compatible metric on X. Such a constant ε 0 is then called a homoclinic-expansivity constant for (X, α, d).
Note that the fact that (X, α) is homoclinically expansive is in fact independent of the choice of the metric d by compactness of X. A pseudometricd on X is said to be dynamically-generating if for all distinct x, y ∈ X there is γ ∈ Γ such thatd(γx, γy) > 0 (cf. for all x, y ∈ X. Thus in Definition 3.3 we may take d to be any dynamically-generating continuous pseudometric on X.
In the following, we study homoclinic expansivity for algebraic actions. Let (X, α) be an algebraic dynamical system with acting group Γ.
For any t ∈ R, we set |t + Z| := min m∈Z |t + m|. More generally, for k ∈ N and t = (t 1 , t 2 , . . . , t k ) ∈ R k we set
Given x ∈ X and χ ∈ X, define a function Ψ x,χ on Γ by setting
As a comparison between (3.1) and (3.4), note that there is some constant C > 0 such that
It is easy to see that for any x ∈ X, one has that x ∈ ∆(X, α) if and only if Ψ x,χ ∈ C 0 (Γ) for all χ ∈ X. Proposition 3.4. Let (X, α) be an algebraic dynamical system with acting group Γ. Then the following conditions are equivalent: (a) the action α is homoclinically expansive; (b) there exist a finite subset W of X and ε > 0 such that 0 X is the only point x in ∆(X, α) satisfying
Proof. Take a function h ∈ ℓ 1 ( X) such that h(χ) > 0 for every χ ∈ X. Consider the compatible metric ρ on X defined by
Assume that (b) holds with W and ε and let us set ε 0 := ε min χ∈W h(χ)/|W |. Let (x, y) be a homoclinic pair of X with sup γ∈Γ ρ(γx, γy) < ε 0 . Note that sup γ∈Γ ρ(γx, γy) = sup
Thus χ∈W Ψ x−y,χ ∞ < ε, and hence x = y. This shows that ε 0 is a homoclinicexpansivity constant for (X, α), and (b)⇒(a) follows. Now assume that (a) holds and let ε 0 > 0 be a homoclinic-expansivity constant for (X, α). Take a finite subset W of X such that χ∈ X\W h(χ) < ε 0 /2 and set ε := ε 0 /(2 max χ∈W h(χ)). Let x ∈ ∆(X, α) with χ∈W Ψ x,χ ∞ < ε. Then
and hence x = 0 X . This shows that (a)⇒(b).
Proposition 3.5. Let (X, Γ, α) be an algebraic dynamical system. Suppose that α is homoclinically expansive and X is finitely generated (as a left Z[Γ]-module). Then the following hold:
(1) α is p-expansive for all 1 ≤ p < ∞; (2) for any finite subset W of X generating X as a left Z[Γ]-module, there exists ε > 0 such that 0 X is the only point x in ∆(X, α) satisfying χ∈W Ψ x,χ ∞ < ε.
Proof. Note that for any x ∈ X, χ, χ ′ ∈ X, and u, v ∈ Z[Γ] we have
for all 1 ≤ q ≤ ∞.
(1). Since α is homoclinically expansive, by virtue of Proposition 3.4 we can find a finite subset W of X and ε > 0 satisfying (3.5). Enlarging W if necessary, we may assume that W generates X as a left Z[Γ]-module. Let 1 ≤ p < ∞. If x ∈ X and χ∈W Ψ x,χ p < ε, then from (3.6) we know that x ∈ ∆ p (X, α) ⊂ ∆(X, α), and using χ∈W Ψ x,χ ∞ ≤ χ∈W Ψ x,χ p < ε, we conclude that x = 0 X . Therefore α is p-expansive. (2) follows from Proposition 3.4 and (3.6).
For finitely presented (e.g. principal) algebraic actions we have the following characterization of homoclinic expansivity (compare with Theorem 3.1. (5)). Theorem 3.6. Let Γ be a countable group. Let k, n ∈ N and A ∈ Mat n,k (Z[Γ] ). Then the following conditions are equivalent:
Proof. For x ∈ X A consider the function Φ x ∈ ℓ ∞ (Γ) defined by Φ x (γ) := |x γ | for all γ ∈ Γ, where | · | is as in (3.3) .
Assume that (b) fails. Then gA * = 0 for some nonzero g ∈ C 0 (Γ) k . As a consequence, for all λ ∈ R one also has λgA * = 0 and hence π(λg) ∈ ∆(X A , α A ), by Proposition 2.2 and Lemma 2.3. Let W ⊂ X A denote the image of the canonical basis of
When λ → 0, one has Φ π(λg) ∞ → 0, and hence χ∈W Ψ π(λg),χ ∞ → 0. Since g = 0, when |λ| is sufficiently small and nonzero, π(λg) = 0 X A . From Proposition 3.5. (2), we deduce that (X A , α A ) is not homoclinically expansive. This shows (a)⇒(b). Now assume that (b) holds so that, in particular, A = 0. Let d be a translationinvariant compatible metric on X A . Then there is some ε 0 > 0 such that for any x ∈ X A with d(x, 0 X A ) ≤ ε 0 , one has |x 1 Γ | < 1/(2 A 1 ). Let x, y ∈ X A be two homoclinic points with max γ∈Γ d(γx, γy) ≤ ε 0 . Then x − y ∈ ∆(X A , α A ), and for any γ ∈ Γ we have d(γ(x − y), 0 X A ) ≤ ε 0 , and hence
k . It follows that gA * ∞ ≤ g ∞ A 1 ≤ 1/2 and, by Proposition 2.2, gA * ∈ ℓ ∞ (Γ, Z). Therefore, gA * = 0. By (b) we have g = 0, and hence x = y. This shows that ε 0 is a homoclinic expansivity constant for (X A , α A ), and (b)⇒(a) follows as well.
Note that when n = k = 1 and A = f ∈ Z[Γ], condition (b) in Theorem 3.6 (and therefore homoclinic expansivity of α f ) is equivalent to (we-1) in Definition 1.1. Proposition 3.7. Let Γ be a countable group. Let k, n ∈ N and A ∈ Mat n,k (Z[Γ]) and suppose that (X A , α A ) is homoclinically expansive. Then ∆(X A , α A ) is isomorphic to a left
k . By virtue of Theorem 3.6, we havex = g and hence x = 0 X A . Thus ϕ is injective. 
< p ≤ +∞, the corresponding principal algebraic action α h is not p-expansive. It follows from Proposition 3.5.(1) that α h is not homoclinically expansive either.
3.3.
Principal algebraic actions associated with weakly expansive polynomials. Theorem 3.9. Let Γ be a countable group and suppose that f ∈ Z[Γ] is weakly expansive. Then the following hold:
(1) The element ω ∈ C 0 (Γ) satisfying (we-2) in Definition 1.1 is unique and, moreover,
Proof. Let ω, ω ′ ∈ C 0 (Γ) satisfying (we-2). Then f ω = 1 Γ = f ω ′ yields f (ω − ω ′ ) = 0 and condition (we-1) in Definition 1.1 infers ω = ω ′ . This proves uniqueness of ω. Moreover, from Lemma 2.1 and (we-2) we deduce
Thus, f (ωf − 1 Γ ) = 0, and, again by (we-1), we get ωf = 1 Γ . This shows (1).
In order to prove (2), let now a ∈ Z[Γ]/Z[Γ]f with a, π(γω * ) = 0 for all γ ∈ Γ (where
. Using Lemma 2.1 and (1) it follows that hf = (gω)f = g(ωf ) = g1 Γ = g, and hence g = hf ∈ Z[Γ]f , which means that a = 0. By Lemma 2.3 we have {π(γω * ) : γ ∈ Γ} ⊂ ∆(X f , α f ) and by Pontryagin duality we conclude that ∆(X f , α f ) is dense in X f .
We are only left to prove (3). In the proof of Proposition (3.7) (here we take n = k = 1 and A = f ) we have defined an injective left
. Using (we-2) and Lemma 2.1 we deduce that
This shows that ϕ is surjective. Therefore ϕ is indeed an isomorphism.
It follows from the proof of Theorem 3.9.(3) and the notation therein that the cyclic
Let (X, α) be an algebraic dynamical system with an infinite acting group Γ and denote by µ the Haar probability measure on X. Let r ∈ N with r ≥ 2. One says that (X, α) is mixing of order r if, for all measurable subsets B 1 , B 2 , . . . , B r ⊂ X, one has
is mixing of order r = 2, one simply says that (X, α) is mixing. Note that every mixing algebraic dynamical system is ergodic. If (X, α) is mixing of order r for all r ≥ 2, one then says that (X, α) is mixing of all orders.
Observe that if A is a compact metrizable Abelian group and Γ is any infinite countable group, then the Γ-shift (A Γ , σ) is mixing of all orders since (3.7) is trivially satisfied when the B i s are cylinders, for all r ≥ 2.
It follows from [4, Proposition 4.6 ] that an algebraic dynamical system (X, α) admitting a dense homoclinic group is mixing of all orders. From Theorem 3.9. (2) we then deduce the following: Corollary 3.10. Let Γ be an infinite countable group and suppose that f ∈ Z[Γ] is weakly expansive. Then the associated algebraic dynamical system (X f , α f ) is mixing of all orders.
3.4.
Expansive principal algebraic actions. The following result is due to Deninger and Schmidt [11, Theorem 3.2] (see also [20, Theorem 5.1] ).
Theorem 3.11. Let Γ be a countable group and f ∈ Z[Γ]. Then the following conditions are equivalent:
For other characterizations of expansivity for algebraic dynamical systems we refer to [30, 31] [26] (for Γ Abelian), [12] (for (X, α) finitely presented), [2] (for X connected and finite-dimensional), and [10, Theorem 3.1].
As observed in [20] , if f is lopsided, i.e., there exists an element γ 0 ∈ Γ such that |f γ 0 | >
On the other hand, there are f ∈ Z[Γ] invertible in ℓ 1 (Γ) that are not lopsided. For instance, if we take Γ = Z, then the polynomial
is not lopsided although it is invertible in ℓ 1 (Γ) (the associated principal algebraic dynamical system is conjugate to the Z-system generated by Arnold's cat map (x 1 , x 2 ) → (x 2 , x 1 + x 2 ) on the 2-dimensional torus T 2 , see e.g. [31, Example 2.18 . (2)]). The following result justifies our terminology for weakly expansive polynomials.
Corollary 3.12. Let Γ be a countable group and f ∈ Z[Γ]. Suppose that the dynamical system (X f , α f ) is expansive. Then f is weakly expansive.
Proof. Expansivity of (X f , α f ) implies, by Theorem 3.11, that f is invertible in ℓ 1 (Γ). Then ω := f −1 ∈ ℓ 1 (Γ) ⊂ C 0 (Γ) yields (we-2) in Definition 1.1. Let now g ∈ C 0 (Γ) and suppose that f g = 0. Then, recalling (2.2), we deduce that
and (we-1) follows as well. 
is well-balanced and the corresponding harmonicity equation is the discrete analogue of the Laplace equation (cf. Eq. (4.5) in [32] ). Lemma 3.13. Let Γ be a countable infinite group and f ∈ R [Γ] . Suppose that f is wellbalanced. Then the map g → f g from C 0 (Γ) to C 0 (Γ) is injective. In particular, harmonic models are homoclinically expansive.
Then µ is a probability measure on Γ which is symmetric and its support S := supp(µ) generates Γ as a semigroup, by (wb-1), (wb-3), and (wb-4), respectively. In order to show (we-1) we apply the maximum principle. Let g ∈ C 0 (Γ) and suppose that f g = 0, equivalently, µg = g. Set M := max δ∈Γ |g δ | and observe that A := {γ ∈ Γ : |g γ | = M} is non-empty. Moreover, if γ ∈ A one has, using the triangle inequality and the properties of µ we alluded to above,
forcing |g δγ | = M for all δ ∈ S. This shows that SA ⊂ A. A recursive argument immediately shows that S n A ⊂ A for all n ∈ N. Since S generates Γ as a semigroup, we get that A = Γ. In other words, |g| is a constant function. As g ∈ C 0 (Γ), we conclude that g = 0.
The last statement follows immediately after Theorem 3.6.
In the arguments preceding Lemma 4.8 in [4] it is shown that if Γ is a countable infinite group which is not virtually Z or Z 2 and f ∈ Z[Γ] is well-balanced, then
where µ is as in (3.8) , satisfies that f ω = 1 Γ , so that (we-2) holds. Combining this with Lemma 3.13, we deduce:
Proposition 3.14. Let Γ be a countable infinite group Γ that is not virtually Z or Z 2 . Then every balanced polynomial f ∈ Z[Γ] is weakly expansive.
Remark 3.15. It is a well known fact in the theory of Markov chains (cf. for instance [36, Definition 1.14] ) that the sum in (3.9) expressing ω is (pointwise) convergent if and only if the random walk on Γ associated with µ is transient (i.e., given any finite subset Ω ⊂ Γ, there exists t(Ω) ∈ N such that, with probability one, the position x(t) ∈ Γ of the random walker on Γ at time t ≥ t(Ω) satisfies that x(t) ∈ Γ \ Ω) and it is a deep result of Varopoulos (cf. [33, 34] and [36, Theorem 3.24] ) that this is the case exactly if Γ is not virtually Z or Z 2 .
4. Topological rigidity 4.1. Affine maps. Let X and Y be two topological Abelian groups. A map τ : Y → X is called affine if there is a continuous group morphism λ : Y → X and an element t ∈ X such that τ (y) = λ(y) + t for all y ∈ Y . Note that λ and t are then uniquely determined by τ since they must satisfy t = λ(0 Y ) and λ(y) = τ (y) − t for all y ∈ Y . One says that λ and t are respectively the linear part and the translational part of the affine map τ . The following two obvious criteria will be useful in the sequel.
Proposition 4.1. Let (X, α) be an algebraic dynamical system and let τ : X → X be an affine map with linear part λ : X → X. Then the following conditions are equivalent:
Proposition 4.2. Let (X, α) be an algebraic dynamical system and let τ : X → X be an affine map with linear part λ : X → X and translational part t ∈ X. Then the following conditions are equivalent:
(a) τ is Γ-equivariant; (b) λ is Γ-equivariant and t ∈ Fix(X, α).
Topological rigidity.
One says that the algebraic dynamical system (X, α) is topologically rigid if every endomorphism τ : X → X of (X, α) is affine. Before stating our rigidity results, let us introduce some notation. Let L(X) denote the real vector space of all group homomorphisms X → R equipped with the topology of pointwise convergence. Note that Γ acts on L(X) by setting [γψ](χ) := ψ(γ −1 χ) for all ψ ∈ L(X) and χ ∈ X. Moreover, the map E : L(X) → X defined by E(ψ)(χ) := ψ(χ) + Z for all ψ ∈ L(X) and χ ∈ X is a continuous (Γ-equivariant) group homomorphism. When γ → ∞, we have Φ(γy) → Φ(0 Y ) = 0, and hence [Φ(y)](γ −1 χ) → 0. For any t ∈ R, we have
for all γ ∈ Γ, and hence Ψ E(tΦ(y)),χ ∈ C 0 (Γ). Therefore E(tΨ(y)) ∈ ∆(X, α). Since α is homoclinically expansive, by Proposition 3.4 there exist a finite subset W of X and ε > 0 such that 0 X is the only point x in ∆(X, α) satisfying χ∈W Ψ x,χ ∞ < ε.
Thus for all t ∈ R with |t| < ε/C we have E(tΦ(y)) = 0 X , which means that tΦ(y) takes integer values. It follows that Φ(y) = 0. Since ∆(Y, β) is dense in Y and Φ is continuous, we conclude that Φ = 0 as desired.
is homoclinically expansive and ∆(X f , α f ) is dense in X f (e.g., that f is weakly expansive), and the phase space X f is connected. Then (X f , α f ) is topologically rigid. If, in addition, Γ is Abelian, then for a map τ : X f → X f the following conditions are equivalent:
(a) τ is an endomorphism of the dynamical system (X f , α f ); (b) there exist r ∈ Z[Γ] and t ∈ Fix(X f , α f ) such that τ (x) = rx + t for all x ∈ X f .
Proof. The first statement follows immediately from Theorem 4.3 after taking X = Y = X f (if f is weakly expansive, recall Theorem 3.6 and Theorem 3.9. (2)).
Suppose now that Γ is Abelian and let τ : X f → X f be a map. For each r ∈ Z[Γ], the self-mapping of X f given by x → rx is Γ-equivariant since Z[Γ] is commutative. Therefore, the fact that (b) implies (a) follows from Proposition 4.2.
To prove the converse, suppose that τ is an endomorphism of the dynamical system (X f , α f ). It follows from the first statement that τ is affine. Therefore, by using Proposition 4.2, there exist a continuous Z[Γ]-module morphism λ : X f → X f and t ∈ Fix(X f , α f ) such that τ (x) = λ(x) + t for all x ∈ X f . As the ring Z[Γ] is commutative and X f = Z[Γ]/Z[Γ]f is a cyclic Z[Γ]-module, there is s ∈ Z[Γ] such that λ(χ) = sχ for all χ ∈ X f .
Since λ = λ, setting r := s * ∈ Z[Γ] it follows that λ(x) = s * x = rx, and hence τ (x) = rx+t, for all x ∈ X f . is conjugated to the hyperbolic dynamical system (T 2 , ϕ A ), where A = 0 1 1 1 ∈ GL(2, Z) is Arnold's cat and ϕ A : T 2 → T 2 is the associated hyperbolic automorphism of the two-dimensional torus. Note that (X f , α f ) is expansive so that we can deduce the Moore-Myhill property also from Corollary 1.3 (this is a particular case of the Garden of Eden theorem for Anosov diffeomorphisms on tori [5] , we alluded to in the Introduction). . Then Z(f ) = {(1, 1)}, and so f is atoral. Thus, by Example 3.8. (2), (X f , α f ) is homoclinically expansive. Also, it follows from [21, §5] and [22, Example 4.3] ) that there is some ω in C 0 (Z 2 ) with f ω = ωf = 1 Γ . As a consequence, f is weakly expansive (though not wellbalanced). Moreover, f is also primitive, so that, by Proposition 2.4, X f is connected. Applying Theorem 1.2, we obtain an alternative proof of the fact that (X f , α f ) has the Moore-Myhill property. 
